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E-POLYNOMIALS OF SLn- AND PGLn-CHARACTER VARIETIES OF
FREE GROUPS
CARLOS FLORENTINO, AZIZEH NOZAD, AND ALFONSO ZAMORA
Abstract. Let G be a complex reductive group and XrG denote the G-character vari-
ety of the free group of rank r. Using geometric methods, we prove that E(XrSLn) =
E(XrPGLn), for any n, r ∈ N, where E(X) denotes the Serre (also known as E-) poly-
nomial of the complex quasi-projective variety X, settling a conjecture of Lawton-Mun˜oz
in [LM]. The proof involves the stratification by polystable type introduced in [FNZ],
and shows moreover that the equality of E-polynomials holds for every stratum and, in
particular, for the irreducible stratum of XrSLn and XrPGLn. We also present explicit
computations of these polynomials, and of the corresponding Euler characteristics, based
on our previous results and on formulas of Mozgovoy-Reineke for GLn-character varieties
over finite fields.
1. Introduction
Given a complex reductive algebraic group G, and a finitely presented group Γ, the
G-character variety of Γ is the (affine) geometric invariant theory (GIT) quotient
XΓG = Hom(Γ, G)/G.
The most well studied families of character varieties include the cases when the group Γ is
the fundamental group of a Riemann surface Σ, and its “twisted” variants. These varieties
correspond, via non-abelian Hodge theory, to certain moduli spaces of G-Higgs bundles
which play an important role in the quantum field theory interpretation of the geometric
Langlands correspondence (see, for example [Si], [KW]).
In the context of SYZ mirror symmetry [SYZ], the hyperka¨hler nature of the Hitchin
systems allowed a topological criterion for mirror symmetry: as a coincidence between
certain Hodge numbers of moduli spaces of G-Higgs bundles over Σ, for Langlands dual
groups G and GL (see [Th]). The Hodge structure of these moduli spaces is pure, and
topological mirror symmetry has been established in the smooth/orbifold case for the pair
of Langlands dual groups SLn ≡ SL(n,C) and PGLn ≡ PGL(n,C) (see [HT, GWZ]).
Such topological mirror symmetries are also expected for mixed Hodge structures on
the cohomology of other classes of moduli spaces. In the case of character varieties, whose
Hodge structure is not pure, and which are generally, neither projective nor smooth,
information on the Hodge numbers is encoded in the Serre polynomial (also called E-
polynomial), which also provides interesting arithmetic properties (see [HRV]).
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In this article, we consider character varieties of the free group Γ = Fr of rank r ∈ N, and
prove the following equality. We denote the E-polynomial of a complex quasi-projective
variety X by E(X).
Theorem 1.1. Let r ∈ N, and Γ = Fr. Then
E(XΓSLn) = E(XΓPGLn), ∀n ∈ N.
This result was proved for n = 2 and 3 in Lawton-Mun˜oz [LM], using complex geometry
methods; these computations increase substantially for higher n, making it practically
impossible to proceed explicitly. In [LM, Remark 6] an arithmetic argument by Mozgovoy
is mentioned, showing the equality for all odd n (by using a theorem of Katz in [HRV,
Appendix], see also section 5), as further evidence for the conjectured equality for all n,
which we hereby confirm.
Denote by X irrΓ G ⊂ XΓG the Zariski open subvariety of irreducible representation
classes. The following result, together with the stratification by polystable type intro-
duced in [FNZ] for arbitrary GLn-character varieties, are the key ingredients in the proof
of Theorem 1.1.
Theorem 1.2. Let r ∈ N, and Γ = Fr. Then
E(X irrΓ SLn) = E(X irrΓ PGLn). ∀n ∈ N.
For the proof of this result, we use crucially the fact that free group character varieties
admit a strong deformation retraction to analogous spaces of representations into SU(n)
and PU(n), that follow from [FL1].
The outline of the article is as follows. In Section 2, we review standard facts on mixed
Hodge structures and polynomial invariants, including their equivariant versions. Section
3 deals with character varieties in the context of affine GIT, which is enough to relate
the E-polynomials of XFrPGLn with those of XFrGLn. The polystable type stratification
from [FNZ] is recalled in Section 4 for the GLn case, and defined for the cases SLn and
PGLn; then we provide the proof of the main theorem, assuming Theorem 1.2. This
second theorem is proved in Section 5, by examining the action of Hom(Fr, Z) in the
cohomology of Hom(Fr, SLn), where Z ∼= Zn is the center of SLn. Finally, Section 6
is devoted to describing a finite algorithm to obtain all the Serre polynomials and the
Euler characteristics of all the strata X [k]Fr G, for all partitions [k] ∈ Pn and G = GLn,
SLn or PGLn. The algorithm uses formulae of Mozgovoy-Reineke for E(X irrFr GLn), the
irreducible GLn case.
1.1. Summary of related results in the literature. For the benefit of the reader we
outline here some related previous results, without pretending to be exhaustive. For the
surface group case (where Γ = π1(Σ) with Σ a compact orientable surface, and related
groups) the calculations of Poincare´ polynomials of XΓG started with Hitchin and Gothen
(for G = SLn, n = 2, 3, see [Hi, Go]), and have been pursued more recently by Garc´ıa-
Prada, Heinloth, Schmitt, Hausel, Letellier, Mellit, Rodriguez-Villegas, Schiffmann and
others, who also considered the parabolic version of these character varieties (see [GPH,
GPHS, HRV, Le, Me, Sc]).
Many of those recent results also use arithmetic methods: it is shown that the number
of points of the corresponding moduli space over finite fields is given by a polynomial
which, by Katz’s theorem mentioned above, coincides with the E-polynomial of XΓG.
E-POLYNOMIALS OF CHARACTER VARIETIES 3
Then, in the smooth case, this allows the derivation of the Poincare´ polynomial from the
E-polynomial.
The equality of stringy E-polynomials (in the sense of Batyrev-Dais [BD]) of moduli
spaces of G-Higgs bundles, for SLn and PGLn, in the coprime case, was established by
Hausel-Thaddeus, for n = 2, 3, in [HT], and by Groechenig-Wyss-Ziegler for all n in
[GWZ]. More recently, Gothen-Oliveira considered the parabolic version in [GO].
Most of the above results were obtained only in the smooth/orbifold cases of the cor-
responding moduli spaces. On the other hand, for many important classes of singular
character varieties, such as free groups or surface groups π1Σ without twisting (corre-
sponding to degree zero bundles) explicitly computable formulas for the E-polynomials
are very hard to obtain. In the articles of Lawton, Logares, Mart´ınez, Mun˜oz and New-
stead (by using geometric methods, see [LMN, Ma, MM] for surface groups and [LM] for
the free group) and of Baraglia and Hekmati [BH] (using arithmetic methods), the Serre
polynomials were computed for several character varieties, with GLn ≡ GL(n,C), SLn
and PGLn for small values of n, but the computations quickly become intractable for n
higher than 3. Recently, SLn-character varieties of surface groups were found to give rise
to a Lax monoidal topological quantum field theory (see [GPLM]). In the case of free
group character varieties, the E-polynomials were obtained in [MR], by point counting
over finite fields, for all GLn, and in [BH] for SLn with n = 2, 3.
Our present results and methods differ from the previous literature in the following
aspects. We consider the singular character variety of the free group, for G = SLn and ev-
ery n ∈ N, and consider the standard compactly supported E-polynomial (not the stringy
one). The stratification by polystable type described in [FNZ] for GLn is constructed
here for PGLn and for SLn, leading to the main theorem under careful examination of
the action of the centre of SLn on the cohomology of several spaces. The main theorem
does not rely on arithmetic methods, except for the last section, where explicit formulas
for the Serre polynomials and Euler characteristics are provided for all SLn, based on the
formulas of Mozgovoy-Reineke for GLn-character varieties of the free group (see [MR]).
Acknowledgements. We would like to thank many interesting and useful conversations
with several colleagues on topics around E-polynomials in particular S. Lawton, M. Log-
ares, V. Mun˜oz, A. Oliveira, F. Rodriguez-Villegas and J. Silva. We also thank the
organizers of the Special Session on Geometry of Representation Spaces of the AMS Joint
meeting 2019 (Baltimore, USA), and the Special Session on Complex Geometry of the
Conference ISAAC 2019 (Aveiro, Portugal) where these results were presented.
2. Mixed Hodge structures and Serre polynomials
This section recalls some standard facts on mixed Hodge structures and polynomial
invariants, introducing terminology and notation that will be used throughout.
Let X be a quasi-projective variety over C, of complex dimension d, which may be
singular, not complete, and/or not irreducible. Following Deligne (c.f. [De], [PS]), the
compactly supported cohomology H∗c (X) := H
∗
c (X,C) is endowed with a mixed Hodge
structure. Denote the corresponding mixed Hodge numbers by
hk,p,q = hk,p,q(X) = dimCH
k,p,q
c (X) ∈ N0,
for k ∈ {0, · · · , 2d} and p, q ∈ {0, · · · , k}. We say that (p, q) are k-weights of X, when
hk,p,q 6= 0.
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Mixed Hodge numbers verify hk,p,q = hk,q,p, and dimCH
k
c (X) =
∑
p,q h
k,p,q, so they
provide the (compactly supported) Betti numbers, which are easily translated to the usual
Betti numbers, in the smooth case, by Poincare´ duality.
Hodge numbers yield the so-called mixed Hodge polynomial of X,
(2.1) µ(X; t, u, v) :=
∑
k,p,q
hk,p,q(X) tkupvq ∈ N0[t, u, v],
on three variables. The mixed Hodge polynomial specializes to the (compactly supported)
Poincare´ polynomial by setting u = v = 1, P ct (X) = µ(X; t, 1, 1). Again, this provides the
usual Poincare´ polynomial in the smooth situation.
By substituting t = −1, mixed Hodge polynomials become a very useful generalization
of the Euler characteristic, called the Serre polynomial or E-polynomial of X:
E(X; u, v) :=
∑
k,p,q
(−1)khk,p,q(X) upvq ∈ Z[u, v].
From the E-polynomial we can compute the Euler characteristic ofX as χ(X) = E(X; 1, 1) =
µ(X; −1, 1, 1) (recall that the compactly supported Euler characteristic equals the usual
one for complex quasi-projective varieties).
When X is smooth and projective, its Hodge structure is pure (for each k, the only
k-weights are of the form (p, k − p) with p ∈ {0, · · · , k}), and the E-polynomial actually
determines the Poincare´ polynomial Pt = P
c
t .
In the present article, we deal with varieties which are neither smooth nor complete,
but often are of Hodge-Tate type (also called balanced type), for which all the k-weights
are of the form (p, p) with p ∈ {0, · · · , k}. This restriction on weights holds for complex
(affine) algebraic groups (see, for example [DL, Jo]) and smooth toric varieties, among
others classes.
Poincare´, mixed Hodge and Serre polynomials satisfy a multiplicative property with
respect to Cartesian products µ(X × Y ) = µ(X)µ(Y ) (coming from KA˜Œnneth theorem,
see [PS]). The big computational advantage of E(X), as compared to µ(X) or P c(X) is
that it also satisfies an additive property with respect to stratifications by locally closed (in
the Zariski topology) strata: Whenever X has a closed subvariety Z ⊂ X we have
E(X) = E(Z) + E(X \ Z),
(see, eg. [PS]) which generalizes the well known analogous statement for χ.
Remark 2.1. The terminology for E-polynomials is not standard, and some authors refer
to them as Hodge-Deligne (mostly when the mixed Hodge structure is pure), and others
as virtual Poincare´ or Serre polynomials. We are using Serre polynomial, following the
oldest references (see, for example [GL]), and recognizing the ideas of Serre on the role of
virtual dimensions for additivity in the weight filtration on mixed Hodge structures (see
[To]).
2.1. Equivariant Serre polynomials and fibrations. We will also need the multiplica-
tive property of the E-polynomial under certain algebraic fibrations, and more generally,
for the equivariant E-polynomial, when these fibrations are acted by a finite group.
Definition 2.2. Let π : X → B be a morphism of quasi-projective varieties and W be a
finite group acting algebraically on X, and preserving the fibers of π. Assume also that
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all fibers π−1(b), b ∈ B, are W -isomorphic to a given variety F . In this situation, we call
(2.2) F → X → B
an algebraic W -fibration.
Given an algebraic W -fibration F → X → B, the mixed Hodge structures on the
(compactly supported) cohomology groups of F and X are representations of W , which
we denote by [Hk,p,qc (F )] and similarly for X. This allows us to define the W -equivariant
E-polynomials:
EW (X; u, v) =
∑
k,p,q
(−1)k[Hk,p,qc (X)] upvq ∈ R(W )[u, v],
where R(W ) denotes the representation ring of W . From the equivariant E-polynomial
of X, we can recover the E-polynomial of the quotient X/W by taking the dimensions of
the fixed parts Hk,p,qc (X)W of the equivariant polynomial EW (see [DL], [FS]).
We have the following fundamental result.
Theorem 2.3. [DL, LMN] Let W be a finite group and consider an algebraic W -fibration
as above:
F → X → B.
Assume either:
(i) the fibration is locally trivial in the Zariski topology of B, or
(ii) F , X and B are smooth, the fibration is locally trivial in the complex analytic topology,
and π1(B) acts trivially on H
∗
c (F ) (ie, the monodromy is trivial), or
(iii) X, B are smooth and F is a complex connected Lie group.
Then
EW (X) = EW (F ) · E(B).
Moreover, if F and B are of Hodge-Tate type, then so is X.
Proof. See [DL, Thm. 6.1] or [FS]. For (iii) and for fhe result on Hodge-Tate (balanced)
type see also [LMN]. 
Of course, when W = 1 or the W action is trivial, the hypothesis imply the product
formula E(X) = E(F ) · E(B).
Example 2.4. The condition of F being connected in (iii) is necessary for the multiplica-
tive property to hold, even in the case of trivial W . Indeed, consider the action of F = Z2
on X = P1 × P1 by permuting the entries. It provides a fibration onto P2, the second
symmetric power of P1:
Z2 → P1 × P1 → Sym2(P1) = P2 ,
By elementary methods, the E-polynomials are E(Z2) = 2, E(P
1 × P1) = (1 + uv)2 and
E(P2) = 1+uv+u2v2, which do not satisfy the multiplicative property. One can also check
that this fibration is not locally trivial in the Zariski topology, but only in the analytic
(strong) topology.
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2.2. Special fibrations. The notion of special group according to Serre and Grothendieck
(c.f. [Se1, Gr]) provides a useful criterion for applying Theorem 2.3 to some algebraic
fibrations.
By definition, a special group is an algebraic groupH such that every principalH-bundle
is locally trivial in the Zariski topology (c.f. [Gr, p.11]). In this context, a principal H-
bundle π : X → B, will be called a special fibration, whenever H is special. If, furthermore,
a finite group W acts on X as in Definition 2.2, we call π a special W -fibration. Thus,
Given a special W -fibration H → X → B, the following is an immediate consequence of
Theorem 2.3(i).
Corollary 2.5. Let X → B be a special W -fibration with fiber isomorphic to H. Then
EW (X) = EW (H) · E(B).
Now, let G be a connected complex algebraic reductive group, with center Z ⊂ G,
and denote by PG = G/Z its adjoint group. In case Z is connected, we obtain a simple
relation between the Serre polynomials of G, Z and PG.
Proposition 2.6. Let G be a complex reductive group with connected center Z. Then
E(G) = E(PG) ·E(Z).
Proof. Since PG is defined to be a quotient by a subgroup, the following fibration
(2.3) Z → G→ PG,
is a principal Z-bundle. Since G is complex, its center Z is the product of a group of
multiplicative type and a unipotent subgroup. Given that G is reductive, the unipotent
subgroup is trivial. Since Z is connected by hypothesis, Z is a torus, that is Z ∼= (C∗)l,
l = dimZ. Since a torus is a special group by [Se1], (2.3) is a special fibration and the
result follows from Corollary 2.5 (with W being the trivial group). 
Example 2.7. Since E(C∗) = uv − 1, the formula E(GLn) = (uv − 1)E(PGLn) follows
from the special fibration
C∗ → GLn → PGLn,
which will be very important later on, and can be directly shown to be locally trivial in
the Zariski topology. By contrast, the determinant fibration
SLn → GLn det→ C∗
is not trivial in the Zariski topology, although we still have E(GLn) = (uv − 1)E(SLn).
Remark 2.8. As mentioned before, complex (affine) algebraic groups G are of Hodge-
Tate type. Hence, their mixed Hodge polynomials µ(G; t, u, v) reduce to a two variable
polynomial (with variables t and uv), and their E-polynomials depend only on the product
uv. However, given a variety X whose E-polynomial is a function of only x = uv, it is
not necessarily true that X is of Hodge-Tate type. For example if we had µ(X; t, u, v) =
1+ tu+ t2u+ t2uv, then X could not be of Hodge-Tate type, but E(X) = 1+uv = E(P1)
is a one-variable polynomial in x := uv. We strongly believe that the character varieties
studied in this paper are also of Hodge-Tate (balanced) type. Indeed, the methods in
[LMN, LM] show this is the case for n = 2 and 3. However, as far as we know, the general
case seems to be an open problem (see also Conjecture 4.10).
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3. Character Varieties for a group and its adjoint
As before, let G be a connected complex reductive algebraic group with center Z. In this
section, we recall some aspects of character varieties and their construction via affine GIT
(Geometric Invariant Theory). Then, for a certain class of groups Γ that we call scalable,
we prove the existence of a natural fibration relating XΓG to an irreducible component of
XΓPG, where PG := G/Z is the adjoint group of G.
3.1. Character varieties as GIT quotients. Let Γ be a finitely presented group, and
denote by
RΓG = Hom(Γ, G),
the algebraic variety of representations of Γ in G, where ρ ∈ RΓG is defined by the image of
the generators of Γ, ρ(γ), satifying the relations in Γ. The moduli space of representations
of Γ into G is the G-character variety of Γ
XΓG := Hom(Γ, G)/G,
defined as the affine GIT quotient under the algebraic action of G on RΓG by conjugation
of representations. Given that a GIT quotient identifies those orbits whose closure has
a non-empty intersection, we describe the quotient by the unique closed point in each
equivalence class, called the polystable representations, which we define below. Denote by
ψρ be the orbit map through ρ:
ψρ : G → RΓG
g 7→ g · ρ
Definition 3.1. We say that ρ ∈ RΓG is stable if ψρ is a proper map. We also say that
ρ ∈ RΓG is polystable if the orbit G · ρ := {gρg−1 : g ∈ G} is closed (Zariski) in RΓG.
The subset of polystable representations in RΓG is denoted by RpsΓ G.
It can be shown that the polystable representations form a (Zariski) locally-closed sub-
variety RpsΓ G ⊂ RΓG, yielding a geometric quotient.
XΓG = RΓG/G ∼= RpsΓ G/G.
Given a representation ρ ∈ RΓG, denote by Zρ the centralizer of ρ(Γ) inside G. Note
that ZG ⊂ Zρ, since the center commutes with any representation.
Definition 3.2. We say that ρ ∈ RΓG is irreducible if ρ is polystable and Zρ is a finite
extension of ZG, and call ρ a good representation if it is irreducible and Zρ = ZG.
Denote by RirrΓ G ⊂ RpsΓ G and by RgΓG the subset of irreducible and good represen-
tations, respectively, and set X irrΓ G := RirrΓ G/G and X gΓG := RgΓG/G. It is known that
RirrΓ G is a quasi-projective variety, since it is a Zariski open subset of RΓG. The character
variety of good representations is a smooth algebraic variety, by [Sik]. For further details,
we refer the reader to [FNZ, Section 3].
In the case when G = GLn or G = SLn, the good locus is the same as the irreducible
locus. Indeed, Schur’s lemma easily implies the equivalence between good and irreducible
representations.
Lemma 3.3. Let G = GLn or G = SLn and ρ ∈ Hom(Γ, G) be polystable. Then ρ is a
good representation if and only if it is irreducible. In particular X gΓG = X irrΓ G.
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Proof. By definition, a good representation is irreducible. First let G = GLn. If ρ is
irreducible, Schur’s lemma states that any g ∈ G commuting with every ρ(γ), γ ∈ Γ, is
central, so that Zρ = ZGLn = C
∗. Therefore, ρ is good.
Now let G = SLn. For any representation ρ : Γ→ SLn we get a representation of GLn
by composition i ◦ ρ : Γ→ SLn i→֒ GLn. Since SLn is the derived group of GLn then we
have
Zi◦ρ
ZGLn
=
Zi◦ρ ∩ SLn
ZGLn ∩ SLn , and Zρ = Zi◦ρ ∩ SLn.
Hence, if ρ is an irreducible representation of SLn then i◦ρ is an irreducible representation
of GLn and hence, by the previous argument, i◦ρ is a good GLn-representation. Therefore
by using the fact that Zρ = Zi◦ρ ∩ SLn we get Zρ = ZSLn which says that ρ is a good
representation of SLn. 
The following general result on character varieties is valid for arbitrary Γ.
Proposition 3.4. Let G = G1 × G2, be a product of two reductive groups. We have the
following isomorphism of smooth algebraic varieties:
X gΓ(G) = X gΓ(G1)× X gΓ(G2).
Proof. In [FL1] it was shown that XΓ(G) = XΓ(G1)×XΓ(G2) as algebraic varieties. This
essentially follows from the fact that there is an isomorphism on representation spaces
Hom(Γ, G) = Hom(Γ, G1)×Hom(Γ, G2)
and conjugation by G = G1 ×G2 works independently on each factor. Now suppose that
a given representation ρ ∈ Hom(Γ, G) has a trivial stabilizer (the center of G). Then it is
a product of the centers of G1 and of G2, so ρ is of the form ρ = (ρ1, ρ2) with good factors
ρi ∈ Hom(Γ, Gi), i = 1, 2. The converse is also clear, so the above isomorphism restricts
to the good loci. 
3.2. GLn- and PGLn-character varieties of the free group. For any groupG and Γ =
Fr, the free group of rank r, we denote byRrG := Hom(Fr, G) and XrG := Hom(Fr, G)/G
the G-representation and G-character varieties, respectively.
When considering the free group, there is a natural action of RrC∗ := Hom(Fr,C∗) ∼=
(C∗)r on RrGLn, which, in terms of the fixed generators γ1, · · · , γr of Fr is given by scalar
multiplication of representations:
(3.1) σ · ρ(γi) := σ(γi)ρ(γi), σ ∈ RrC∗, ρ ∈ RrGLn.
The quotient of this action is the representation variety for PGLn, RrPGLn. Since the
central C∗ action commutes with conjugation of representations, this sequence descends
to the character varieties
(3.2) (C∗)r → XrGLn → XrPGLn.
The following generalization to other groups G and their adjoints PG is immediate from
Corollary 2.5.
Proposition 3.5. Let G be a connected reductive group with connected center Z. Then,
the natural quotient map XrG→ XrPG is a special fibration, with fiber XrZ ∼= Zr. Hence,
E(XrG) = (uv − 1)rlE(XrPG),
with l = dimZ. In particular, for G = GLn we get E(XrGLn) = (uv − 1)r E(XrPGLn).
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4. The strictly polystable case
In this section and the next one, we prove Theorem 1.1: the equality of the Serre
polynomials of XrSLn and XrPGLn. If we tried to imitate the fibration methods of
Section 3, we would consider the quotient morphism SLn → PGLn, with kernel Zn, the
center of SLn, to obtain a fibration of character varieties:
Zrn → XrSLn → XrPGLn.
However, since the fiber is not connected, we cannot apply Proposition 3.5 or its corollaries;
instead we proceed by stratifying this fibration under polystable type, in analogy to the
stratification used in [FNZ] (recalled below) and examine the Zrn action on the cohomology
of each individual stratum. From now on, our E-polynomials will only depend on a
single variable; to emphasize this property, we adopt the substitution x ≡ uv and use the
notation:
(4.1) e(X) := E(X;
√
x,
√
x) ∈ Z[x].
4.1. Stratifications by polystable type. Any character variety admits a stratification
by the dimension of the stabilizer of a given representation. When dealing with the general
linear group GLn as well as the related groups SLn and PGLn, there is a more refined
stratification which gives a lot more of information on the corresponding character varieties
XΓG. In this subsection, we recall this stratification, following [FNZ, Section 4.1], and
describe its analogous versions for SLn and PGLn.
A partition of n ∈ N is denoted by [k] = [1k1 · · · jkj · · ·nkn ] where the exponent kj
means that [k] has kj ≥ 0 parts of size j ∈ {1, · · · , n}, with n =
∑n
j=1 j kj . The length of
the partition is given by the sum of the exponents |[k]| :=∑ kj and call Pn the set of all
partitions of n ∈ N. As an example, [12 2 4] ∈ P8 is the partition 8 = 1 · 2 + 2 + 4, with
length equal to 4.
Definition 4.1. Let n ∈ N, [k] ∈ Pn and Γ be a finitely presented group. We say that
ρ ∈ RΓGLn = Hom(Γ, GLn) is [k]-polystable if ρ is conjugated to
⊕n
j=1 ρj where each ρj
is, in turn, a direct sum of kj > 0 irreducible representations of RΓ(GLj), for 1 ≤ j ≤ n (by
convention, if some kj = 0, then ρj is not present in the direct sum). We denote the [k]-
polystable representations by R[k]Γ GLn and X [k]Γ GLn ⊂ XΓGLn refers to the [k]-polystable
locus of the character variety.
Remark 4.2. The abelian stratum i.e, the stratum of representations factoring as Γ →
Γab → G, corresponds to the partition [1n] of maximal length n; on the other hand,
irreducible representations correspond to the partition [n] of minimal length 1. By Lemma
3.3, this irreducible stratum is also the smooth (and stable) locus of the character variety,
denoted by X irrΓ GLn := X [n]Γ GLn.
The following summarizes the situation and is proved in [FNZ, Proposition 4.3].
Proposition 4.3. Fix n ∈ N. The character variety XΓGLn can be written as a disjoint
union of of locally closed quasi-projective varieties, labelled by partitions [k] ∈ Pn
XΓGLn =
⊔
[k]∈Pn
X [k]Γ GLn,
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where X [k]Γ GLn consists of equivalence classes of [k]-polystable representations. Moreover,
X [n]Γ GLn is precisely the open locus X irrΓ GLn of irreducible classes of representations.
4.2. The free group case. From now on, we restrict ourselves to the case Γ = Fr, the
free group of rank r ∈ N, and use the notations
XrGLn, XrSLn, XrPGLn
for the corresponding character varieties. We will now define the [k]-polystable loci
X [k]r SLn ⊂ XrSLn and X [k]r PGLn ⊂ XrPGLn, and the corresponding stratifications,
in analogy to Proposition 4.3.
Recall the action in (3.1) and (3.2) which clearly preserves the polystable type stratifi-
cation of GLn, so we define
X [k]r PGLn := X [k]r GLn/RrC∗ = X [k]r GLn/(C∗)r.
Thus, the next result is proved in the same way as Proposition 3.5. We observe that the
E-polynomials of all strata X [k]r GLn are 1-variable polynomials (see [FNZ]). Hence, we
use the notation in (4.1) for E-polynomials in one variable.
Proposition 4.4. Let Fr be a free group of rank r. For every [k] ∈ Pn, the fibration
RrC∗ → X [k]r GLn → X [k]r PGLn
is special. In particular, e(X [k]r GLn) = (x− 1)r e(X [k]r PGLn).
4.3. The action of the symmetric group on strictly polystable strata. For a
partition [k] ∈ Pn, we define the [k]-stratum of XrSLn by restriction of the corresponding
one for GLn:
X [k]r SLn := {ρ ∈ X [k]r GLn | det ρ = 1},
where the determinant of a (conjugacy class of a) representation is an element of RrC∗.
The action of RrC∗ on X [k]r GLn does not preserve X [k]r SLn because of the determinant
condition. However, from the behaviour of the Zariski topology under closed inclusions
and quotients, the following is clear.
Proposition 4.5. Fix n ∈ N. The character varieties XrSLn and XrPGLn can be written
as a disjoint unions of of locally closed quasi-projective varieties, labelled by partitions
[k] ∈ Pn
XrSLn =
⊔
[k]∈Pn
X [k]r SLn, XrPGLn =
⊔
[k]∈Pn
X [k]r PGLn
Moreover, X irrr SLn = X [n]r SLn and X irrr PGLn = X [n]r PGLn are Zariski open.
It turns out that the irreducible strata are the most difficult case to compute, so we
start by studying the ones given by partitions with at least 2 parts.
Theorem 4.6. Fix r and n ∈ N. For a partition [k] ∈ Pn with length s > 1, we have:
e(X [k]r GLn) = (x− 1)re(X [k]r SLn)
Proof. We start with a relation between E-polynomials of cartesian products of irreducible
character varieties. Let s ∈ N and n = (n1, · · · , ns) be a sequence of s positive integers
with n =
∑s
i=1 ni. Denote:
Xnr := ×si=1X irrr GLni ,
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and
SXnr :=
{
ρ = (ρ1, · · · , ρs) ∈ Xnr |
s∏
i=1
det ρi = 1
}
⊂ Xnr .
It is clear that the previous constructions can be carried out in this setting. For example,
letting J := (RrC∗)s, there is a natural action of J on Xnr :
(σ1, · · · , σs) · (ρ1, · · · , ρs) = (σ1ρ1, · · · , σsρs), σ ∈ J = (RrC∗)s, ρi ∈ X irrr GLni ,
since a scalar multiple of an irreducible representation is still irreducible.
Define the multiplication map m : J →RrC∗ ∼= (C∗)r as follows:
m(σ1, · · · , σs) = σm11 · · · σmss ,
where mi := ni/d with d = gcd(n1, · · · , ns) (a power of a representation into C∗ is just
the power of every generator). It turns out that
H := kerm = {(σ1, · · · , σs) ∈ (RrC∗)s |σm11 · · · σmss = 1},
is abelian, connected (because s > 1, and the mi are coprime) and reductive. Then, it
follows that H is isomorphic to an algebraic torus of the appropriate dimension, H ∼=
(C∗)r(s−1), since J = (RrC∗)s ∼= (C∗)rs. This allows us to obtain a diagram of algebraic
fibrations (vertical arrows):
H ⊂ (RrC∗)s m→ RrC∗
↓ ↓
SXnr ⊂ Xnr
↓ ↓
SXnr /H = X
n
r /J,
where both vertical fibrations (the left fibration being the restriction to SXnr ) are special.
Now we note that, using an action of a finite group, we can obtain all strata of the
stratification of X [k]r GLn. To be concrete, denote by Qn the finite set:
Qn := {n = (n1, · · · , ns) ∈ Ns |
s∑
i=1
ni = n}.
To every element of Qn we associate a unique partition of n as follows:
p : Qn → Pn
n = (n1, · · · , ns) 7→ [k] := [1k1 · · ·nkn ]
where kj is the number of entries in the sequence n equal to j. For every n ∈ Qn,
let Sn := S[k] ⊂ Sn be the subgroup of the symmetric group defined by this partition
[k] = p(n). Moreover, we have isomorphism of varieties:
Xnr /Sn
∼= X [k]r GLn, SXnr /Sn ∼= X [k]r SLn,
as can be easily checked. Now, for every n ∈ Qn, and taking (Xnr /J)/Sn in the bottom,
the above diagram becomes an special algebraic Sn-fibration (with trivial action on the
bottom and the top row is still the same), so we can apply Theorem 2.3 and Corollary 2.5
to both vertical fibrations to obtain:
eSn(Xnr ) = e((X
n
r /J)/Sn) e
Sn(J), eSn(SXnr ) = e((X
n
r /J)/Sn) e
Sn(H).
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and to the top horizontal fibration (which is also special) to get
eSn(J) = eSn(H) (x− 1)r,
and putting the formulae together:
eSn(Xnr ) = e((X
n
r /J)/Sn) e
Sn(H) (x − 1)r = eSn(SXnr ) (x− 1)r
Finally, we just need to take the invariant parts of the equivariant polynomials:
e(X [k]r GLn) = e(Xnr /Sn) = e(SXnr /Sn) (x− 1)r,
whenever [k] = p(n) ∈ Pn (noting that (x − 1)r = (x − 1)rT ∈ R(Sn)[x], where T is the
trivial Sn one-dimensional representation, as elements of the ring R(Sn)[x]). 
Remark 4.7. Even though the above formulas prove these E-polynomials are only functions
of x = uv, one can not conclude that strata X [k]r SLn are of Hodge-Tate type without
further arguments (see Remark 2.8).
4.4. Proof of the main Theorem. We now outline the proof of the main theorem,
which relies crucially on the following.
Theorem 4.8. The central action of Zrn on X irrr SLn giving the quotient map
X irrr SLn → X irrr PGLn
induces an isomorphism of mixed Hodge structures H∗(X irrr SLn) ∼= H∗(X irrr PGLn).
The proof of Theorem 4.8 is delayed to Section 5. We will use differential geometric
techniques, taking advantage of the fact that X irrr SLn is a smooth variety and X irrr PGLn
is an orbifold (see [FL2, Sik]).
Assuming Theorem 4.8, we can now prove the main result of the article.
Theorem 4.9. Let Γ = Fr. Then, for all [k] ∈ Pn, we have e(X [k]r SLn) = e(X [k]r PGLn).
Consequently, e(XrSLn) = e(XrPGLn).
Proof. From Theorem 4.8, we haveH∗(X irrr SLn) ∼= H∗(X irrr PGLn) as mixed Hodge struc-
tures, so that their E-polynomials coincide. For a general stratum [k] = [1k1 · · ·nkn ] with
more than one part, the equality e(X [k]r SLn) = e(X [k]r PGLn) follows from Theorem 4.6.
The second statement follows from the additivity of the E-polynomial applied to the
locally-closed stratifications of Proposition 4.5. 
Noting that SLn and PGLn are Langlands dual groups, and that our proof seems
well adapted to more general actions of finite subgroups, we put forward the following
conjecture (answered here in the case G = SLn), and plan to address the general statement
in a future work.
Conjecture 4.10. Let Γ = Fr and G, G
L be complex reductive Langlands dual groups.
Then both XrG and XrGL are of Hodge-Tate type, and e(XrG) = e(XrGL).
Remark 4.11. The part of the conjecture claiming Hodge-Tate type is still largely open,
even for G = SLn (see also Remark 2.8). To the best of our knowledge, the only free
group character varieties that are known to be balanced are for G = SLn and G = PGLn
with n = 2, 3 (see [LM]).
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4.5. Katz’s theorem and the case n odd. When n is odd, there is an alternative
method to prove that the Serre polynomials of XrSLn and XrPGLn coincide. The argu-
ment was mentioned in [LM, Remark 9], and we detail it here, for convenience. Denote
by Fq a finite field with q elements and characteristic p, so that q = p
s, for some s ∈ N. A
scheme X, defined over Z, is called of polynomial type if there is a polynomial CX(t) ∈ Z[t]
(called the counting polynomial for X) such that the number of Fqs points of X is precisely
|X/Fqs | = CX(qs),
for every s and almost every prime p. In [HRV, Appendix] (see also [BH]) N. Katz showed
that if such a scheme X is of polynomial type, with counting polynomial CX , then the
Serre polynomial of the complex variety X(C) = X ⊗Z C coincides with the counting
polynomial:
e(X) = E(X;
√
x,
√
x) = CX(x).
To apply this to our character varieties, note that the natural surjective morphism of
algebraic groups
SLn(Fp)→ PGLn(Fp),
has as kernel the scalar matrices aI of determinant 1, so that an = 1. By Dirichlet’s
Theorem on arithmetic progressions, for a fixed n odd, there exists an infinite number of
primes such that (n, p − 1) = 1, in which cases there are no non-trivial roots of unity, so
that SLn(Fp) ≃ PGLn(Fp). This implies that the representation spaces RrSLn(Fp) and
RrPGLn(Fp) are in bijective correspondence, and the same holds for the number of points
of the character varieties over Fq:
|XrSLn(Fp)| = |XrPGLn(Fp)| .
In [MR, Corollary 2.6] it was shown that PGLn-character varieties are of polynomial type.
Therefore, by this result, the SLn-character varieties are also polynomial-count, for n odd,
with the same counting polynomial.
5. The Irreducible Case
In this section we prove that E(X irrr SLn) = E(X irrr PGLn) for all r, n ≥ 1, as stated in
Theorem 4.8, thus completing the proof of the main result. Our methods are geometric in
the sense that we mainly use complex algebraic and differential geometry. In particular,
we will use the compact versions of all the character varieties that we have defined before.
5.1. Compact representation spaces and their irreducible subspaces. Consider
the compact groups U(n), SU(n) and PU(n), which are related through the fibrations:
SU(n) → U(n) → U(1) = S1
S1 → U(n) → PU(n),
so that PU(n) ∼= U(n)/S1 ∼= SU(n)/Zn, where we identify the cyclic group with the group
of nth roots of unity
Zn = {e
2piik
n : k ∈ Z} ⊂ S1,
and with the center of SU(n). For r ∈ N, consider the compact representation spaces,
Ur,n := Hom(Fr, U(n)) ∼= U(n)r,
and similarly Sr,n := Hom(Fr, SU(n)) ∼= SU(n)r and Pr,n := Hom(Fr, PU(n)) ∼= PU(n)r,
where the isomorphisms are obtained when fixing a set of r generators of the free group
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Fr. Because we are dealing with the free group, representations can be multiplied com-
ponentwise: all spaces Ur,n, Sr,n and Pr,n are in fact Lie groups. The first fibration above
defines a determinant map, which is actually a homomorphism of groups:
det : Ur,n → Ur,1,
whose kernel is precisely Sr,n.
Now consider the irreducible representation spaces,
U∗r,n := Hom
irr(Fr, U(n)), S
∗
r,n := Hom
irr(Fr, SU(n)), P
∗
r,n := Hom
irr(Fr, PU(n)),
which are open subsets in the compact representation spaces:
U∗r,n ⊂ Ur,n, SU∗r,n ⊂ SUr,n, PU∗r,n ⊂ PUr,n.
Also note that SU∗r,n = U
∗
r,n ∩ SUr,n. These irreducible subspaces U∗r,n, SU∗r,n, PU∗r,n, are
not Lie groups, but we observe the following straightforward properties of the natural
multiplication action of Ur,1 on Ur,n:
(5.1) σ · ρ = (σ1, · · · , σr) · (ρ1, · · · , ρr) := (σ1ρ1, · · · , σrρr), σi ∈ U(1), ρi ∈ U(n),
where ρi = ρ(γi) and σi = σ(γi) for γ1, · · · , γr the fixed chosen generators of Fr.
Proposition 5.1. The action of Ur,1 on Ur,n is such that:
(i) the subspace U∗r,n is preserved under the action;
(ii) PUr,n and PU
∗
r,n are, respectively, the orbit spaces of Ur,n and U
∗
r,n under Ur,1;
(iii) SU∗r,n = det
−1(1) for the restriction det : U∗r,n → Ur,1, where 1 ∈ Ur,1 denotes the
trivial one dimensional representation.
Now define:
Cr,n := Hom(Fr,Zn) ⊂ Hom(Fr, U(1)) = Ur,1,
so that Cr,n ∼= (Zn)r is a subgroup of Ur,n and can be identified with the center of SUr,n. In
the same way as PU(n) = SU(n)/Zn, we can also get PUr,n and PU
∗
r,n as finite quotients
of SUr,n and SU
∗
r,n:
PUr,n = SUr,n/Cr,n, PU
∗
r,n = SU
∗
r,n/Cr,n.
5.2. Central action on representation spaces. We now define an stratification by
polystable type of Ur,n, SUr,n and PUr,n in complete analogy with the stratification of
GLn-character varieties given in [FNZ, Section 4.1] and recalled in Section 4 for PGLn
and SLn.
Given a partition [k] = [1k1 · · · jkj · · · nkn ], we say that ρ ∈ Ur,n is of type [k] if ρ is
conjugated to
⊕n
j=1 ρj , where each ρj is a direct sum of kj irreducible representations of
U∗r,j, for each j = 1, · · · , n. We denote representations of type [k] by U [k]r ⊂ Ur,n and let:
SU [k]r = U
[k]
r ∩ SUr,n, PU [k]r = U [k]r /Ur,1 ⊂ PUr,n.
Note that all strata are locally closed, and that the irreducible strata [k] = [n] are the
only ones that are open (in the respective representation spaces), corresponding to the
partition into one single part.
Proposition 5.2. Fix n ∈ N. The representation spaces Ur,n, SUr,n and PUr,n can be
written as disjoint unions, labelled by partitions [k] ∈ Pn, of locally closed submanifolds:
Ur,n =
⊔
[k]∈Pn
U [k]r , SUr,n =
⊔
[k]∈Pn
SU [k]r , PUr,n =
⊔
[k]∈Pn
PU [k]r .
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Proof. The proof for Un,r is analogous to the proof in [FNZ, Proposition 4.3] for RΓGLn,
observing that dealing with the usual Euclidean topology on Un,r works ipsis verbis as
with the Zariski topology on RΓGLn. The cases SUr,n and PUr,n follow as in Proposition
4.5. 
Now, we state the main result of this subsection.
Theorem 5.3. The action of Cr,n on the compactly supported cohomology of SU
∗
r,n =
Homirr(Fr, SUn) is trivial. In particular, the natural quotient under Cr,n induces an iso-
morphism H∗c (SU
∗
r,n)
∼= H∗c (PU∗r,n).
Note that we use compactly supported cohomology as dealing with non-compact spaces.
To prove Theorem 5.3, we need to show two results: (i) under a open/closed decomposition
of a compact space X = U ⊔Y , the triviality of the action on 2 spaces implies the same for
the third one; (ii) the actions of Cr,n on the cohomology of every [k]-stratum are trivial,
for partitions [k] of length l > 1. We start with (ii), which uses the following standard
lemma.
Lemma 5.4. If J is a finite group acting on a space X and, for every g ∈ J , the induced
map gˆ : X → X, x 7→ g · x is homotopic to idX , then J acts trivially on H∗(X). In
particular, if F is a finite subgroup of a connected group G acting on X, then F acts
trivially on H∗(X).
Proof. Since cohomology is a homotopy invariant, both maps idX and gˆ induce the same
morphism in cohomology
id∗X = gˆ
∗ : H∗(X)→ H∗(X).
So, gˆ∗ is an isomorphism. As this happens for every g ∈ J , the action of the whole J is
trivial. For the second statement, if a connected group G acts on X, then any path from
the identity of G to any element g ∈ G gives a homotopy between idX and gˆ, completing
the proof. 
Since the action of Cn,r is the restriction of the action of the path connected group
SU(n)r acting by left multiplication the following is clear.
Corollary 5.5. The action of Cn.r ∼= (Zn)r ⊂ SU(n)r on H∗(SUr,n) = H∗(SU(n)r), is
trivial.
Since left multiplication does not preserve the stratification, we cannot use left multi-
plication on the smaller strata.
Lemma 5.6. Let [k] ∈ Pn be a partition with length l > 1. Then, the action of Cr,n on
the cohomology of SU
[k]
r is trivial.
Proof. We first consider cartesian products of irreducible representation spaces satisfying
a determinant condition. Let s > 1, n := (n1, · · · , ns) ∈ Ns, with n = n1 + n2 + · · · + ns
and denote by
Sn :=
{
ρ = (ρ1, · · · , ρs) ∈ ×sj=1U∗r,nj |
∏s
j=1 det ρj = 1
}
which is a smooth manifold. Note that, in contrast to partitions, n := (n1, · · · , ns) ∈ Ns
is an ordered s-tuple of elements of N. There is an action of Cr,n on Sn given by:
(5.2) σ · ρ = σ · (ρ1, · · · , ρs) := (σρ1, · · · , σρs), σ ∈ Hom(Fr,Zn) = Cr,n, ρj ∈ U∗r,nj .
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It is easy to check the product of determinants condition, so that σ · ρ ∈ Sn.
Now, assume that the greatest common divisor of all n1, · · · , ns is 1. Then, there is at
least one nj prime with n, and without loss of generality, we can take p := n1 prime with
n. Denote for simplicity, q = n− p =∑si=2 ni > 0. Define the following elements of Ur,1:
σt = (e
−2piit q
n , 1, · · · , 1), σ˜t = (e2piit
p
n , 1, · · · , 1)
parametrised by t ∈ [0, 1], and where each factor corresponds to a generator of Fr. Con-
sider the following homotopy:
[0, 1] × Sn → Sn
(t; ρ1, ρ2 · · · , ρs) 7→ (σtρ1, σ˜tρ2, · · · , σ˜tρs).
This is well defined since the product of determinants on the right side, for the first
generator γ1, is: (
e−2piit
q
n
)p (
e2piit
p
n
)q∏s
j=1 det ρj(γ) = 1,
(the representation on the other generators does not change under this homotopy). Then,
for t = 0 the map Sn → Sn is the identity, and for t = 1 the map is identified with the
action, on the first generator γ1, of multiplication by the scalar e
2pii p
n
e−2pii
q
n = e−2pii
q−n
n = e2pii
p
n ,
which is a primitive nth root of unity. Thus, we have found a homotopy between the
identity and σ∗ for the element σ = (e2pii
p
n , 1, · · · , 1) ∈ Cr,n (c.f. Lemma 5.4). Since all
elements of Cr,n are obtained as compositions of elements σ of this form (with non-trivial
elements on the other entries), we obtain the necessary homotopies to apply Lemma 5.4,
and finish the proof, in this case. If the greatest common divisor of all n1, · · · , ns is d > 1,
then we can use the same map but with t ∈ [0, 1d ] (since there is some p = nj that verifies
now (pd , n) = 1).
So, the action of Zrn is trivial on the cohomology of Sn. Finally, let [k] be the partition
determined by the tuple n = (n1, · · · , ns) ∈ Ns. Observe that the length of [k] is s. Then,
we note that
SU [k]r = Sn/S[k],
where S[k] = ×nj=1Skj ⊂ Sn acts by permutation of the blocks of equal size. Since the
action of Cr,n commutes with the one of S[k], we get
H∗(SU [k]r )
Cr,n =
(
H∗(Sn)S[k])Cr,n = (H∗(Sn)Cr,n)S[k] = H∗(Sn)S[k] = H∗(SU [k]r ),
as wanted. 
For the next Proposition, we let X be a compact Hausdorff topological space admitting
an action of a finite group F . Assume also we have a closed F -invariant subspace Y ⊂ X,
and let U := X \ Y be the complement. Note that compactly supported cohomology, of
course, coincides with usual cohomology for X and for Y .
Proposition 5.7. If F acts trivially on the cohomology of both X and Y , then it acts
trivially on the cohomology (with compact support) of U .
Proof. This follows from the 5-lemma applied to the long exact sequence for cohomology
with compact support associated to the decomposition X = U ⊔ Y . More precisely, let
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g ∈ F , and denote by g∗Z the associated morphisms in the cohomology for Z = X,Y or U .
Then, we can form the ladder:
· · · → Hk−1c (X) → Hk−1c (Y ) → Hkc (U) → Hkc (X) → Hkc (Y ) → · · ·
↓ g∗X ↓ g∗Y ↓ g∗U ↓ g∗X ↓ g∗Y
· · · → Hk−1c (X) → Hk−1c (Y ) → Hkc (U) → Hkc (X) → Hkc (Y ) → · · · ,
where g∗X and g
∗
Y are isomorphisms, by hypothesis. By the 5-lemma, g
∗
U is, then, also an
isomorphism. Since this is valid for every g ∈ F , the action of F on H∗c (U) is trivial. 
Finally, the proof of Theorem 5.3 is concluded, by induction on n, using the stratification
SUr,n =
⊔
[k]∈Pn
SU
[k]
r . Indeed, step n = 1 is trivial since SUr,1 is a single point; for the
induction step, we just need to apply Proposition 5.7 with X := SUr,n, Y :=
⊔
|[k]|≥2 SU
[k]
r
and U := X \ Y = SU∗r,n. Corollary 5.5 shows that the Cr,n action on X is trivial and,
by induction, the action on SU
[k]
r = Sn/S[k], for partitions with |[k]| ≥ 2 is also trivial, by
Lemma 5.6 and the fact that compactly supported cohomology is additive.
5.3. Cohomology of quotient spaces. Now, we consider the action of PU(n) on all
three representation spaces by simultaneous conjugation, and define the compact irre-
ducible “character varieties” X ∗r SUn := SU∗r,n/PU(n) and X ∗r PUn := PU∗r,n/PU(n).
We will need the notion of equivariant cohomology, which we now recall. Let X be a
topological space endowed with the action of a topological group G, and p : EG → BG be
the universal principal G-bundle, where BG = EG/G is the classifying space of G. The
equivariant cohomology of X is defined by (for more details see [Br])
H∗G(X) := H
∗(X ×
G
EG),
and note that, if G acts on X with finite isotropy groups, then
H∗G(X)
∼= H∗(X/G).
Proposition 5.8. There are isomorphisms H∗(SU∗r,n)
∼= H∗(PU∗r,n), H∗(X ∗r SUn) ∼=
H∗(X ∗r PUn) and H∗(XrSUn) ∼= H∗(XrPUn).
Proof. The action of Cr,n on the compactly supported cohomology of SU
∗
r,n = Hom
irr(Fr, SUn)
is trivial, by Theorem 5.3, so:
H∗c (SU
∗
r,n) = H
∗
c (SU
∗
r,n)
Cr,n = H∗c (SU
∗
r,n/Cr,n) = H
∗
c (PU
∗
r,n).
Since SU∗r,n and PU
∗
r,n are either smooth manifolds or orbifolds (and are orientable), their
cohomologies satisfy Poincare´ duality, so the same isomorphism holds for the usual coho-
mologies. Now, as in [CFLO, p.12], because the quotient map π : SU∗r,n → SU∗r,n/Cr,n =
PU∗r,n induces an isomorphism in cohomology, and π is equivariant with respect to the
conjugation PU(n) action, we have that their equivariant cohomologies are the same:
H∗PU(n)(SU
∗
r,n)
∼= H∗PU(n)(PU∗r,n).
Since the PU(n) action is free on the irreducible representation spaces, we get
H∗(X ∗r SUn) ∼= H∗PU(n)(SU∗r,n) ∼= H∗PU(n)(PU∗r,n) ∼= H∗(X ∗r PUn),
completing the proof of the second isomorphism. This also means that the action of Cr,n
on H∗(X ∗r SUn) is trivial.
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Finally, the third isomorphism is proved, as before, by induction on n: we apply Propo-
sition 5.7 to X := XrSUn, Y :=
⊔
|[k]|≥2 SU
[k]
r /PU(n) and U := X \ Y = X ∗r SUn, the
action of Cr,n on the cohomology of U and Y being trivial by the induction step. 
Theorem 5.9. There are isomorphisms of mixed Hodge structures H∗(XrSLn) ∼= H∗(XrPGLn)
and H∗c (X irrr SLn) ∼= H∗c (X irrr PGLn). In particular, the E-polynomials of X irrr SLn and of
X irrr PGLn coincide.
Proof. For every reductive group G, there is a strong deformation retraction between XrG
and Hom(Fr,K)/K, where K is a maximal compact subgroup of G (see [FL1]). It is
easy to see that, for G = SLn, the strong deformation retraction from XrSLn to SUr,n
commutes with the action of Cr,n. Then, from Proposition 5.8 we get isomorphisms in
usual cohomology:
H∗(XrSLn) ∼= H∗(SUr,n) ∼= H∗(PUr,n) ∼= H∗(XrPGLn).
Since the quotient XrSLn → XrPGLn is algebraic, the above isomorphism H∗(XrSLn) ∼=
H∗(XrPGLn) is an isomorphism of mixed Hodge structures. Moreover, the strong defor-
mation retraction from XrSLn to SUr,n restricts to a strong deformation retraction from
the strictly polystable locus Y :=
⊔
|[k]|≥2X [k]r SLn to
⊔
|[k]|≥2 SU
[k]
r /PU(n), (because the
homotopy is defined by the polar decomposition, which preserves reducible representations,
see [FL1]). Thus, again using Proposition 5.8, we obtain isomorphisms H∗(Y ) ∼= H∗(Yˆ ),
where Yˆ :=
⊔
|[k]|≥2X [k]r PGLn.
Now, writing X := XrSLn, Xˆ := XrPGLn, the long exact sequences on mixed Hodge
structures of pairs (see [PS, Prop. 5.46]):
· · · → Hk−1(X) → Hk−1(Y ) → Hk(X,Y ) → Hk(X) → Hk(Y ) → · · ·
‖ ≀ ‖ ≀ ↑ ‖ ≀ ‖ ≀
· · · → Hk−1(Xˆ) → Hk−1(Yˆ ) → Hk(Xˆ, Yˆ ) → Hkc (Xˆ) → Hk(Yˆ ) → · · · ,
provide isomorphisms of mixed Hodge structures of pairs H∗(X,Y ) ∼= H∗(Xˆ, Yˆ ). Since
X irrr SLn = X \ Y (and similarly for X irrr PGLn) is an open variety, its mixed Hodge
structures on compactly supported cohomology are defined using compactifications of X
(being independent of the choices, see [PS, Thm. 5.33]). It is easy to see that we can
choose a compactification X¯ of X, and Y¯ of Y with the property that X \ Y = X¯ \ Y¯ ,
yielding
H∗(X,Y ) ∼= H∗(X¯, Y¯ ) = H∗c (X irrr SLn),
where the first isomorphism is given by excision. Finally, the same construction for the pair
(Xˆ, Yˆ ) gives the wanted isomorphisms H∗c (X irrr SLn) ∼= H∗c (X irrr PGLn), and the equality
of E-polynomials. 
6. Explicit Computations in the free group case
When Γ = Fr, the free group in r generators, Mozgovoy and Reineke obtained a general
formula for the count of points in X irrr GLn over finite fields, showing that they are of
polynomial type (see [MR]). In this section, we explore these formulae in detail and,
by using the plethystic exponential correspondence proved in [FNZ], we provide a finite
algorithm to obtain the Serre polynomials and the Euler characteristics of all the strata
X [k]r G, for all partitions [k] ∈ Pn and G = GLn, SLn or PGLn.
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6.1. Serre polynomials of irreducible GLn-character varieties X irrr G. Let us recall
the definition of the plethystic functions, and the correspondence proved in [FNZ]. Define
the Adams operator Ψ as the invertible Q-linear operator acting on Q[x][[t]] by Ψ(xitk) :=∑
l≥1
xlitlk
l , where (i, k) ∈ N20 \ {(0, 0)}, with inverse given by Ψ−1(xjtk) =
∑
l≥1
µ(l)
l x
jltkl,
and µ is the MA˜¶bius function µ : N → {0,±1} (µ(n) = (−1)k if n is square free with k
primes in its factorization; µ(n) = 0 otherwise).
Given a power series f ∈ Q[x][[t]], formal in t:
f(x, t) = 1 +
∑
n≥1
fn(x) t
n ,
where fn(x) ∈ Q[x] are polynomials in x, define the plethystic exponential, PExp :
Q[x][[t]]→ 1 + tQ[x][[t]], and plethystic logarithm, PLog as:
PExp(f) := eΨ(f), PLog(f) := Ψ−1(log f).
As established in [FNZ, Theorem 1.1 and Corollary 1.2], GLn-character varieties can be
expressed in terms of irreducible character varieties of lower dimension, by means of the
plethystic exponential.
Theorem 6.1. [FNZ, Theorem 1.1] Let Γ be a finitely presented group. Then, in Q[u.v][[t]]:
∑
n≥0
E(XΓGLn;u.v) tn = PExp

∑
n≥1
E(X irrΓ GLn;u, v) tn

 .
Using results of [MR] for the character varieties of the free group Fr, this relationship
can be made explicit, in terms of partitions [k] = [1k1 · · · dkd ] ∈ Pd, with length denoted
by |[k]| = k1 + · · ·+ kd.
Proposition 6.2. Let r, n ≥ 2. The E-polynomials of the irreducible character varieties
Brn(x) := e(X irrr GLn) are explicitly given by:
Brn(x) = (x− 1)
∑
d|n
µ(n/d)
n/d
∑
[k]∈Pd
(−1)|[k]|
|[k]|
( |[k]|
k1, · · · , kd
) d∏
j=1
bj(x
n/d)kjx
n(r−1)kj
d (
j
2) ,
where bj(x) are given by F
−1(t) = 1 +
∑
n≥1 bnt
n, for the series:
(6.1) F (t) = 1 +
∑
n≥1
(
(x− 1)(x2 − 1) . . . (xn − 1))r−1 tn.
Proof. As mentioned above, the varieties X irrr GLn are of polynomial type by [MR, Thm.
1.1]. So, by Katz’s theorem [HRV, Appendix], Brn(x) := ex(X irrr GLn) is obtained by re-
placing q by x in the counting polynomial Pn(q) := |X irrr GLn/Fq| which in [MR, Theorem
1.2] is shown to have generating series:∑
n≥1
Brn(x) t
n =
∑
n≥1
Pn(x) t
n = (1− x) PLog(S ◦ F−1(t)) ,
with F (t) as in (6.1), and S is a Q[x]-linear shift operator defined on Q[x][[t]] by S(t) = t,
and S(tn) := x(r−1)(
n
2)tn, for n ≥ 2. Hence, we get
S ◦ F−1(t) = 1 +
∑
n≥1
bn(x)x
(r−1)(n2) tn .
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So, the Proposition follows from Lemma 6.3 below, using
fn(x) = bn(x)x
(r−1)(n2)
since, for a partition [k] ∈ Pd, we have fj(xn/d)kj = bj(xn/d)kj x
n
d
(r−1)kj(j2), j = 1, . . . , d,
as wanted. 
To complete the proof of Proposition 6.2, we need the following
Lemma 6.3. Given fn(x) ∈ Q[x], n ∈ N, the coefficient of tn in PLog(1+
∑
n≥1 fn(x) t
n)
is ∑
d|n
∑
[k]∈Pd
µ(n/d)
n/d
(−1)|[k]|−1
|[k]|
( |[k]|
k1, · · · , kd
) d∏
j=1
fj(x
n/d)kj .
Proof. From the Q-linearity of Ψ−1, we can write, for a sequence of polynomials gm(x) ∈
Q[x], m ∈ N,
Ψ−1(
∑
m≥1
gm(x)t
m) =
∑
m≥1
Ψ−1(gm(x)t
m) =
=
∑
l≥1
µ(l)
l
g1(x
l)tl +
∑
l≥1
µ(l)
l
g2(x
l)t2l + · · · =
=
∑
l≥1
µ(l)
l
∑
d≥1
gd(x
l)tdl =
=
∑
n≥1
∑
d|n
µ(n/d)
n/d
gd(x
n/d)tn.(6.2)
Now, from the series development of log(1 + z) = z − z22 + z
3
3 − · · · , we compute, using
the multinomial theorem:
log(1 +
∑
n≥1
fn(x) t
n) =

∑
n≥1
fn(x) t
n

− 1
2

∑
n≥1
fn(x) t
n


2
+
1
3

∑
n≥1
fn(x) t
n


3
− · · ·
=
∑
m≥1

 ∑
[k]∈Pm
(−1)|[k]|−1
|[k]|
( |[k]|
k1, · · · , km
) m∏
j=1
fj(x)
kj

 tm.
where
( |[k]|
k1,··· ,km
)
= |[k]|!/(k1! · · · km!) are the multinomial coefficients. Finally, we apply
formula (6.2) to
gm(x) :=
∑
[k]∈Pm
(−1)|[k]|−1
|[k]|
( |[k]|
k1, · · · , km
) m∏
j=1
fj(x)
kj ,
proving the Lemma. 
Remark 6.4. When n is a prime number the formula in Proposition 6.2 simplifies slightly
to:
Brn(x) = (x− 1)

b1(xn)
n
+
∑
[k]∈Pn
(−1)|[k]|
|[k]|
( |[k]|
k1, · · · , kn
) n∏
j=1
bj(x)
kjx(r−1)kj(
j
2)

 .
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Using Proposition 6.2, we can write down explicitly the E-polynomials of X irrr GLn, for
any value of n in a recursive way, the first four cases being as follows.
Lemma 6.5. The E-polynomials of the irreducible character varieties Brn(x) = e(X irrr GLn),
for n = 1, 2, 3 and 4, using the substitution s = r − 1, are given by:
Br1(x)
x− 1 = (x− 1)
r−1 = (x− 1)s ,
Br2(x)
x− 1 =
1
2
b1(x
2) +
1
2
b1(x)
2 − b2(x)xs ,
= (x− 1)s
(
(x− 1)sxs((x+ 1)s − 1) + 1
2
(x− 1)s − 1
2
(x+ 1)s
)
,
Br3(x)
x− 1 =
1
3
b1(x
3)− 1
3
b1(x)
3 + b1(x)b2(x)x
s − b3(x)x3s
= (x− 1)s
(
− 1
3
(x2 + x+ 1)s + (x− 1)2s(1
3
− xs + xs(x+ 1)s
+x3s + x3s(x+ 1)s(x2 + x+ 1)s − 2x3s(x+ 1)s)
)
,
Br4(x)
x− 1 = (x− 1)
2s
(1
4
(x− 1)2s − 1
4
(x+ 1)2s + (x2 − 1)sxs(1− (x+ 1)s)
+
1
2
(x+ 1)2sx2s(1 − (x2 + 1)s) + 1
2
(x− 1)2sx2s(1− (x+ 1)s)2
−(x− 1)2sx3s(−(x+ 1)s(x2 + x+ 1)s + 2(x+ 1)s − 1)
−(x− 1)2sx6s(−(x+ 1)s(x2 + x+ 1)s(x3 + x2 + x+ 1)s
+2(x+ 1)s(x2 + x+ 1)s + (x+ 1)2s − 3(x+ 1)s + 1)) .
Proof. We will make the formulae in Proposition 6.2 explicit, by inverting formal power
series. If
F (t) = 1 +
∑
n≥1 an t
n, and F−1(t) = 1 +
∑
n≥1 bnt
n
are formal inverses, the relation between an and bn can be obtained from
∑
k≥0 akbn−k = 0
(a0 = b0 = 1), recursively (and is valid for power series over any ring) as
(6.3) b1 = −a1 ; b2 = a21 − a2; b3 = −a31 + 2a1a2 − a3, etc.
Now, employing an(x) :=
(
(x− 1)(x2 − 1) . . . (xn − 1))r−1 as in (6.1), we get:
b1(x) = −a1(x) = −(x− 1)r−1 ,
b2(x) = a
2
1(x)− a2(x) = (x− 1)2r−2 − (x− 1)r−1(x2 − 1)r−1
= (x− 1)2r−2(− (x+ 1)r−1 + 1) ,
b3(x) = −a31(x) + 2a1(x) a2(x)− a3(x) =
= (x− 1)3r−3(− (x+ 1)r−1(x2 + x+ 1)r−1 + 2(x+ 1)r−1 − 1), etc ,
which, by substition in Proposition 6.2, completes the proof. 
Recall from [FNZ, Definition 4.14] the notion of rectangular partition of n: a sequence
of non-negative integers 0 ≤ kl,h ≤ n, l, h ∈ {1, · · · , n} satisfying n =
∑n
l=1
∑n
h=1 l h kl,h,
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interpreted as a collection of kl,h rectangles of size l× h, with total area n. An element of
the set RPn, of rectangular partitions of n, is denoted:
[[k]] = [(1× 1)k1,1 (1× 2)k1,2 · · · (1× n)k1,n · · · (n× n)kn,n ] ∈ RPn ,
and the “gluing map” sends a rectangular partition to a usual partition
π : RPn → Pn
[[k]] 7→ [m] = [1m1 · · ·nmn ] where ml :=
n∑
h=1
h · kl,h.
With the notion of rectangular partitions, we rephrase [FNZ, Corollary 1.2] for the free
group Γ = Fr and G = GLn case.
Theorem 6.6. [FNZ, Corollary 1.2] The E-polynomial of the GLn-character variety of
the free group in r generators is
e(XrGLn) =
∑
[[k]]∈RPn
n∏
l,h=1
Brl (x
h)kl,h
kl,h!h
kl,h
,
and the E-polynomial of the stratum corresponding to a partition [m] ∈ Pn is
e(X [m]r GLn) =
∑
[[k]]∈pi−1[m]
n∏
l,h=1
Brl (x
h)kl,h
kl,h!h
kl,h
.
6.2. Serre polynomials for SLn and PGLn-character varieties of the free group.
Recall that, by Proposition 4.4 and Theorem 4.9, E-polynomials of all strata for the
SLn and PGLn-character varieties of the free group of rank r can be derived from the
corresponding ones for GLn, by dividing out by (x− 1)r:
e(X [k]r SLn) = e(X [k]r PGLn) =
e(X [k]r GLn)
(x− 1)r ,
for every [k] ∈ Pn, as for the whole character variety. So, Theorem 6.6 allows the compu-
tation of explicit formulae for all E-polynomials of XrG, with G = GLn, SLn or PGLn.
As an example, this method recovers the polynomial e(XrSL3) = e(XrPGL3) first
obtained in [LM, Theorem 1] (compare also [BH]).
Theorem 6.7. For s ≥ 0, we have:
e(Xs+1SL3) = 12(x− 1)s+1(x+ 1)sx+ 13 (x2 + x+ 1)sx(x+ 1)+
+ (x− 1)2s
(
(x+ 1)s[x3s(x2 + x+ 1)s + xs+1 − 2x3s] + x3s − xs+1 + x6 (x+ 1)
)
Proof. By Theorem 6.6, we get for GL3
e(XrGL3) = Br3(x) +Br2(x)Br1(x) +
Br1(x
3)
3
+
Br1(x
2)Br1(x)
2
+
Br1(x)
3
6
where the first term corresponds to e(X irrr GL3), the second to e(X [1 2]r GL3) and remaining
3 terms to e(X [13]r GL3) (see [FNZ, Figure 4.1] showing rectangular partitions for n = 3).
Replacing Brj (x), j = 1, 2, 3, by the expressions in Lemma 6.5 we obtain the result for
XrGL3, and the case of SL3 follows immediately. 
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On the other hand, our method allows explicit expressions for n = 4 and beyond. In
fact, Theorem 6.6 provides the decomposition
e(XrGL4) = e(X [4]r GL4) + e(X [1 3]r GL4) + e(X [2
2]
r GL4) + e(X [1
2 2]
r GL4) + e(X [1
4]
r GL4)
= B4(x) +B3(x)B1(x) +
B2(x)
2
2
+
B2(x
2)
2
+
B2(x)B1(x
2)
2
+
B2(x)B1(x)
2
2
+
B1(x
4)
4
+
B1(x
3)B1(x)
3
+
B1(x
2)2
8
+
B1(x
2)B1(x)
2
4
+
B1(x)
4
24
,(6.4)
as the sum of the 5 strata (which comprise the 11 terms coming from the rectangular
partitions in [FNZ, Figure 4.2]). Combining (6.4) with formulae in Lemma 6.5 yields the
computation of the E-polynomial for SL4 (and then also PGL4). This formula is new.
Theorem 6.8. The E-polynomial of the SL4-character variety of the free group in r = s+1
generators is
e(Xs+1SL4) = (x− 1)3s+1
[
(x+ 1)2s
x2s
2
+ (x+ 1)s
(
x3s(x2 + x+ 1)s − 2x3s − x2s + 3x
s
2
)]
+ (x− 1)3s+1[x3s + x2s
2
− 3x
s
2
+
11
24
]
+
1
24
(x− 1)3s+3
+ (x− 1)3s(x+ 1)2s(−x6s + x
2s
2
)
+ (x− 1)3s(x+ 1)sx6s[(x2 + x+ 1)s(x3 + x2 + x+ 1)s − 2(x2 + x+ 1)s + 3]
+ (x− 1)3s(x+ 1)s[x3s((x2 + x+ 1)s − 2)− x2s + xs
2
]
+ (x− 1)3s(−x6s + x3s + x
2s
2
− x
s
2
+
1
2
)
+ (x− 1)2s+2 (x− 1)
s+1
4
+ (x− 1)2s+1 (x+ 1)
s
2
(−(x+ 1)sxs + xs − 1
2
)
+ (x− 1)2s(x+ 1)sx
s
2
(1− (x+ 1)s)
+ (x− 1)s+1[(x+ 1)x
3
(x2 + x+ 1)s +
(x+ 1)2s
8
(x2 + 2x+ 2)
]
+ (x− 1)s(x+ 1)2s[x2s+1
2
((x2 + 1)s − 1) + x− 1
4
]
− 1
4
(x+ 1)s+1(x2 + 1)s +
1
4
(x3 + x2 + x+ 1)s+1 .
6.3. Irreducibility and Euler characteristics. It is clear that the above method, com-
bining Proposition 6.2, Lemma 6.5 and Theorem 6.6, provides the same kind of expressions
for e(XrSLn) = e(XrPGLn), and for every n ∈ N. Additionally, we can prove irreducibil-
ity and compute all Euler characteristics of X [k]r G for G = GLn, SLn and PGLn, and all
[k] ∈ Pn. We start with the GLn case.
Lemma 6.9. The degree of the polynomial Brn(x) is
deg(Brn(x)) = n
2(r − 1) + 1.
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Proof. From Proposition 6.2, degBrn(x) will be
(6.5) 1 + max
d|n
max
[k]∈Pd
deg

 d∏
j=1
bj(x
n/d)kjx
n(r−1)kj
d (
j
2)

 ,
where bn(x) are defined by (1+
∑
n≥1 an(x) t
n)(1+
∑
n≥1 bn(x) t
n) = 1, with an(x) =
(
(x−
1)(x2−1) . . . (xn−1))r−1, so that deg ai(x) = i(i+1)2 (r−1) = (i+12 )(r−1). By the recursive
definition of bj(x) in terms of the ai(x) (see Equations (6.3)), it is easy to see that the top
degree of bj(x) is achieved for the term aj(x), hence deg bj(x) = deg aj(x) =
(
j+1
2
)
(r− 1).
Now, the maximum in (6.5) is achieved for d = n because partitions of smaller n have
lower degree. Hence
degBrn(x) = 1 + max
[k]∈Pn
deg
n∏
j=1
bj(x)
kjx(r−1)kj(
j
2)
= 1 + max[k]∈Pn
∑n
j=1
((j+1
2
)
(r − 1)kj + (r − 1)kj
(j
2
))
= 1 +max[k]∈Pn
∑n
j=1 kjj
2(r − 1)
Using the restriction n =
∑n
j=1 j kj , it is clear that the maximum is achieved for the
partition [n], i.e. all kj = 0 except kn = 1, so that degB
r
n(x) = n
2(r−1)+1 as wanted. 
Corollary 6.10. Every [k]-polystable stratum X [k]r GLn is an irreducible algebraic variety,
and has zero Euler characteristic.
Proof. The irreducible stratum corresponds to the partition [n] and its polynomial is given
by e(X irrr GLn) = Brn(x) (see Theorem 6.6 and Remark 4.2). The monomial of top degree
of Brn(x) is, by the proof of Lemma 6.9,
(x− 1)µ(1)
1
(−1)1
1
(
1
1
)
bn(x)
1x(r−1)·1·(
n
2) = (x− 1)an(x)x(r−1)(
n
2) ,
whose leading coefficient equals the leading coefficient of an(x), which is 1. Therefore,
X irrr GLn is an irreducible variety. All polystable strata can be expressed as symmetric
products of irreducible strata of lower dimension (see [FNZ, Proposition 4.5]), hence all of
them are irreducible. The statement about Euler characteristics follows by substituting
x = 1 in Theorem 6.6, since Brn(1) = 0, for all n, r ∈ N (see Proposition 6.2 and Lemma
6.5). 
The next Corollary is immediate from our constructions.
Corollary 6.11. For every [k] ∈ Pn, the strata X [k]r SLn and X [k]r PGLn are irreducible
algebraic varieties.
Finally, we compute the Euler characteristics of the SLn and PGLn-character varieties
of the free group. It turns out that the only strata contributing are of the form [dn/d] ∈ Pn,
indexed by the divisors d of n.
Proposition 6.12. The Euler characteristics of the SLn and PGLn character varieties
of the free group are
χ(XrSLn) = χ(XrPGLn) = ϕ(n)nr−2
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where ϕ(n) is the arithmetic Euler function. The Euler characteristics for the strata of
the form [dn/d] ∈ Pn are
χ(X [dn/d]r SLn) = χ(X [d
n/d]
r PGLn) =
µ(d)
d
nr−1 ,
otherwise χ(X [k]r SLn) = 0, where µ(n) is the arithmetic MA˜¶bius function.
Proof. By Theorems 4.6 and 5.9, the Euler characteristics for SLn and PGLn-character
varieties are equal and can be computed strata by strata by plugging x = 1 in the GLn
polynomials, using Proposition 4.4:
(6.6) χ(X [m]r SLn) = χ(X [m]r PGLn) =
[E(X [m]r GLn)
(x− 1)r
]
x=1
.
In the recursive definition (6.3), we can factor (x−1)n(r−1) in an(x) and, hence, the same
applies to every bn(x). Then, for n = 1 we get b1(x) = −(x− 1)r−1. However, for n > 1,[
bn(x)
(x−1)r−1
]
x=1
= 0, then when we multiply bn(x) by the denominators (x − 1) in Lemma
6.5, and then divide by (x − 1)r in (6.6), these terms disappear from the calculation of
the Euler characteristic. The formula of b1(x) provides the following expression, for every
t ∈ N:
b1(x
s)t = −(xs − 1)t(r−1) = (−1)t(x− 1)t(r−1)(1 + x+ · · ·+ xs−1)t(r−1) .
Therefore, if t > 1,
[
b1(xs)t
(x−1)r−1
]
x=1
= 0, while, for t = 1, we have
[
b1(xs)
(x−1)r−1
]
x=1
= −sr−1.
Note that products bi(x) · bj(x), i 6= j, necessarily have a zero of order greater than r
in x = 1. Hence, in Lemma 6.5, after setting B
r
n(x)
(x−1)r , the only terms which do not vanish
are those with j = 1 and k1 = 1 and kj = 0 for j = 2, . . . , d. Therefore d = 1 and the only
partition contributing is [1] ∈ P1, yielding[ Brn(x)
(x− 1)r
]
x=1
=
[ −1
(x− 1)r−1
µ(n)
n
b1(x
n)
]
x=1
= µ(n)nr−2 .
To finish, we look at Theorem 6.6. First, it is easy to see that
[
Brn(x
s)
(x−1)r
]
x=1
= µ(n)srnr−2.
And, moreover, for rectangular partitions with two or more blocks of different sizes (i.e.
giving terms of the form Brn1(x
s1) · Brn2(xs2)) x = 1 is a zero of order greater than r,
then we get rid of them in the final calculation. This leaves us to just consider rectangular
partitions [[k]] with a single block l×h and kl,h = 1 and the rest kl,h = 0: they are indexed
by divisors of n. Let [k] ∈ P(n) be a partition by blocks of just one size [k] = [dn/d]. In
the expression of Theorem 6.6, put l = d and h = n/d and have
χ(X [dn/d]r SLn) =
[e(X [dn/d]r GLn)
(x− 1)r
]
x=1
=
[ 1
(x− 1)r
d
n
Bd(x
n/d)
]
x=1
=
µ(d)
d
nr−1 ,
while for other strata [k] ∈ P(n) with two or more blocks of different sizes, the Euler
characteristic is zero. To get the Euler characteristic of the full character variety, we sum
up over all strata, this is, over all divisors of n:
χ(XrSLn) =
∑
d|n
[ 1
(x− 1)r
d
n
Bd(x
n/d)
]
x=1
=
∑
d|n
µ(d)
d
nr−1 = ϕ(n)nr−2,
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by using MA˜¶bius inversion formula with the Euler function, ϕ(n) =∑d|n ndµ(d). 
Remark 6.13. This result extends [MR, Theorem 1.4] to the SLn case and, moreover,
calculates the Euler characteristic of all strata, providing a geometrical meaning to the
calculation in terms of the Euler function. Also, note that the stratum [1n] corresponds to
an abelian character variety, and this computation agrees with the one in [FS, Corollary
5.16].
Example 6.14. (1) As an application of Proposition 6.12, for n = 4, we get
χ(XrSL4) = χ(XrPGL4) = 2 · 4r−2,
where the only strata that contribute to the Euler characteristic are:
χ(X [14]r SL4) = χ(X [1
4]
r PGL4) = 4
r−1, χ(X [22]r SL4) = χ(X [2
2]
r PGL4) = −2 · 4r−2.
(2) In the case when n is a prime number p, we similarly get:
χ(XrSLp) = (p− 1) · pr−2,
where the only strata contributing to the Euler characteristic are:
χ(X [1p]r SLp) = pr−1, χ(X [p]r SLp) = −pr−2,
and similarly for XrPGLp.
(3) More generally, if n = pa11 · pa22 · · · pass is the prime decomposition of n, the only strata
contributing to the Euler characteristic of the SLn and the PGLn character variety of Fr
are those of the form [dn/d], where d = pi1 · pi2 · · · pit is square-free since then µ(d) 6= 0.
These strata are the same for n∗ := p1 ·p2 · · · ps and for all n with the same prime divisors.
Indeed,
χ(X [1n]r SLn) = nr−1 ,
χ(X [p
n/pi
i ]
r SLn) = − 1
pi
nr−1 ,
χ(X [(pipj)
n/pipj ]
r SLn) =
1
pipj
nr−1 , · · ·
χ(X [(n∗)n/n
∗
]
r SLn) == (−1)s
1
n∗
nr−1 ,
with sum ∏
p|n,p prime
(1− 1
p
)nr−1 = ϕ(n)nr−2 .
References
[BD] V. V. Batyrev and D. I. Dais. Strong McKay correspondence, string-theoretic Hodge numbers and
mirror symmetry. Topology, 35(4) (1996): 901-929..
[BH] D. Baraglia and P. Hekmati. Arithmetic of singular character varieties and their E-polynomials.
Proceedings of the London Mathematical Society 114.2 (2017): 293-332.
[Br] M. Brion. Equivariant cohomology and equivariant intersection theory. Representation theories
and algebraic geometry. Springer, Dordrecht (1998): 1-37.
[CFLO] A. Casimiro, C. Florentino, S. Lawton and A. Oliveira. Topology of Moduli Spaces of Free Group
Representations in Real Reductive Groups. Forum Mathematicum, 28 (2016): 275-294.
[De] P. Deligne. The´orie de Hodge, II. Publications Mathe´matiques de l’Institut des Hautes E´tudes
Scientifiques 40.1 (1971): 5-57.
E-POLYNOMIALS OF CHARACTER VARIETIES 27
[DL] A. Dimca and G. I. Lehrer. Purity And Equivariant Weight Polynomials, Algebraic Groups and
Lie Groups. Australian Mathematical Society Lecture Series 9 (1997): 161-181.
[FL1] C. Florentino, S. Lawton. The topology of moduli spaces of free group representations. Math.
Annalen 345 (2009): 453-489.
[FL2] C. Florentino, S. Lawton. Topology of character varieties of abelian groups. Topology and its
Applications 173 (2014): 32–58.
[FNZ] C. Florentino, A. Nozad and A. Zamora. Generating series for the Hodge-Euler polynomials of
GL(n,C)-character varieties. Preprint arXiv:1902.06837.
[FS] C. Florentino, J. Silva. Hodge-Deligne polynomials of abelian character varieties. Preprint
arXiv:1711.07909 (2017).
[GL] E. Getzler and E. Looijenga. The Hodge polynomial of M3,1. No. math. AG/9910174.
math/9910174 (1999).
[Go] P. B. Gothen. The Betti numbers of the moduli space of stable rank 3 Higgs bundles on a Riemann
surface. Int. J. Math. 5 (1994): 861-875.
[GO] P. B. Gothen and A. G. Oliveira. Topological mirror symmetry for parabolic Higgs bundles. Journal
of Geometry and Physics 137 (2019): 7-34.
[GPH] O. Garc´ıa-Prada and J. Heinloth, The y-genus of the moduli space of PGLn-Higgs bundles on a
curve (for degree coprime to n). Duke Math. J. 162 no. 14, (2013) 2731-2749.
[GPHS] O. Garc´ıa-Prada, J. Heinloth and A. Schmitt, On the motives of moduli of chains and Higgs
bundles, J. Eur. Math. Soc. 16, no. 12 (2014) 2617–2668.
[GPLM] A´. Gonza´lez-Prieto, M. Logares and V. Mun˜oz. A lax monoidal Topological Quantum Field Theory
for representation varieties. Preprint arXiv:1709.05724 (2017).
[Gr] A. Grothendieck. Torsion homologique et sections rationnelles. Se´minaire Claude Chevalley, 3:29p,
1958. Expose´ no 5.
[GWZ] M. Groechenig, D. Wyss, and P. Ziegler. Mirror symmetry for moduli spaces of Higgs bundles via
p-adic integration. Preprint arXiv:1707.06417 (2017).
[HRV] T. Hausel and F. Rodriguez-Villegas. Mixed Hodge polynomials of character varieties, with an
appendix by N. M. Katz. Invent. Math. 174 (3) (2008): 555-624.
[HT] T. Hausel and M. Thaddeus. Mirror symmetry, Langlands duality, and the Hitchin system. In-
ventiones mathematicae 153.1 (2003): 197-229.
[Hi] N. J. Hitchin. The self-duality equations on a Riemann surface. Proc. London Math. Soc. (3) 55
(1987): 59-126.
[Jo] O. Jones. On the geometry of varieties of invertible symmetric and skew-symmetric matrices. Pac.
J. Math. 180 (1997): 89-100.
[KW] A. Kapustin and E. Witten. Electric-magnetic duality and the geometric Langlands program.
Preprint arXiv: hep-th/0604151 (2006).
[LM] S. Lawton and V. Mun˜oz. E-polynomial of the SL(3, C)-character variety of free groups. Pacific
Journal of Mathematics 282.1 (2016): 173-202.
[Le] E. Letellier. Character varieties with Zariski closures of GLn-conjugacy classes at punctures. Sel.
Math. New Ser. 21 (2015): 293-344.
[LMN] M. Logares, V. Mun˜oz and P. E. Newstead. Hodge polynomials of SL(2,C)-character varieties for
curves of small genus. Rev. Mat. Compl. 26 (2013): 635-703.
[Ma] J. Mart´ınez. E-polynomials of PGL(2,C)-character varieties of surface groups. Preprint
arXiv:1705.04649 (2017).
[MM] J. Mart´ınez and V. Mun˜oz. E-polynomials of SL(2,C)-character varieties of surface groups. Int.
Mat. Res. Notices 3 (2016): 926-961.
[Me] A. Mellit. Poincare´ polynomials of moduli spaces of Higgs bundles and character varieties (no
punctures). Preprint arXiv:1707.04214.
[MR] S. Mozgovoy, M. Reineke. Arithmetic of character varieties of free groups. International Journal
of Mathematics 26.12 (2015): 1550100.
[PS] C. Peters and J. Steenbrink. Mixed Hodge Structures. Ergebnisse der Mathematik, 52, Springer
Verlag (2008).
[Se1] J.-P. Serre. Espaces fibre´s alge´briques. Se´minaire Claude Chevalley, 3:37p, 1958. Expose´ no 1.
[Sc] O. Schiffmann. Indecomposable vector bundles and stable Higgs bundles over smooth projective
curves. Annals of Mathematics 183 (2) (2016): 297-362.
28 C. FLORENTINO, A. NOZAD, AND A. ZAMORA
[Si] C. T. Simpson. Constructing variations of Hodge structure using Yang-Mills theory and applica-
tions to uniformization. J. Amer. Math. Soc. 1.4 (1988): 867-918.
[Sik] A. Sikora. Character varieties. Transactions of the American Mathematical Society 364.10 (2012):
5173-5208.
[SYZ] A. Strominger, S. T. Yau and E. Zaslow. Mirror symmetry is T-Duality. Nucl.Phys.B 479 (1996):
243-259.
[To] B. Totaro. Topology of singular algebraic varieties. Proceedings of the ICM, Beijing 2002, vol. 2,
533-544.
[Th] M. Thaddeus. Mirror symmetry, Langlands duality, and commuting elements of Lie groups. In-
ternational Mathematics Research Notices 22 (2001): 1169-1193.
Departamento de Matema´tica, Faculdade de Cieˆncias, Univ. de Lisboa, Campo Grande,
Edf. C6, Lisbon, Portugal
E-mail address: caflorentino@ciencias.ulisboa.pt
School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O.Box:
19395-5746, Tehran, Iran
E-mail address: anozad@ipm.ir
Departamento Interfacultativo de Matema´tica Aplicada y Estad´ıstica, Facultad de Cien-
cias Econo´micas y Empresariales, Universidad CEU San Pablo, Julia´n Romea 23, 28003 Madrid,
Spain
E-mail address: alfonso.zamorasaiz@ceu.es
